Abstract. The onset of thermal convection in a horizontal layer of fluid rotating about a vertical axis is examined by means of a nonlocal model partial differential equation (PDE). This PDE is obtained asymptotically from the Navier-Stokes and heat equations in the limit of small conductivity of the horizontal boundaries. The model describes the onset of convection near a steady bifurcation from the conduction state and is valid provided the Prandtl number of the fluid is not too small and the rotation rate of the layer is not too great.
1. Introduction. Buoyancy-driven motion in a body of fluid arises in a wide variety of geophysical, astrophysical, and industrial contexts. The simplest "RayleighBénard" problem of thermal convection [5] in a horizontal layer of fluid heated uniformly from below serves as a basic model for many of these applications. Even in Rayleigh-Bénard convection, however, the fluid motion may take on a bewildering variety of patterns. Many refinements have been made to the Rayleigh-Bénard model over the years, including consideration of the effects of an imposed shear flow (see, for example, the review by Kelly [19] and [9] ), magnetic fields (see, for example, Weiss [40] ; Hurlburt et al. [16] ; Proctor et al. [32] ; Matthews, Proctor, and Weiss [24] ) and rotation of the fluid layer about some axis [5] , [1] . In this paper we focus on the last refinement and consider thermal convection in a horizontal layer of fluid rotating about a vertical axis. We examine the way in which convection arises as an instability of the motionless state of pure heat conduction.
Depending on the physical parameters, instability may arise either through a steady bifurcation or through an oscillatory bifurcation as the Rayleigh number that characterizes the temperature difference across the fluid layer is increased. The analysis described in this paper is applicable only to the case of a steady bifurcation and is restricted to fluids whose Prandtl numbers are not small.
The question of which solutions might generically be expected to arise from a steady bifurcation from the trivial state in convection in a rotating layer has been addressed by several authors: Goldstein, Knobloch, and Silber [13] for solutions on a square lattice; Goldstein, Knobloch, and Silber [14] on a hexagonal lattice; and Knobloch and Silber [21] on a rhombic lattice. In this paper, however, we focus attention on two special cases. In the first we consider two-dimensional solutions (rolls), which are known to become unstable to the Küppers-Lortz instability and for which a stability analysis on a rhombic lattice is most appropriate. In the second a square pattern that we have found to be strongly preferred in some numerical simulations is analyzed.
Riahi [33] has considered the linear and weakly nonlinear behavior of rotating convection at an infinite Prandtl number for a range of thermal conductivities of the horizontal boundaries. Further, he has delineated regions in parameter space where rolls and squares are stable. In this paper we consider perturbations to the square pattern of a more general form than those considered by Riahi [33] , and find the possibility of instability where he finds the squares to be rather robustly stable. We also remove the restriction imposed by Riahi [33] that the problem be symmetrical about the midplane of the fluid layer, and we provide numerical simulations to support our analysis.
To make analytical progress, we consider the case in which the horizontal boundaries that confine the fluid conduct heat poorly. In a nonrotating fluid layer, it is known that between such boundaries instability arises through a steady bifurcation, with the horizontal scale of motion much greater than the depth of the fluid layer [38] , [17] . As a consequence, vertical diffusion rates are greater than horizontal ones and the temperature perturbation to the conduction state is approximately vertically homogeneous. A model nonlinear PDE for the depth-averaged temperature field may be derived asymptotically from the full governing equations [6] , [30] , [12] , [20] by exploiting the different horizontal and vertical scales. For finite Prandtl numbers, the equation is nonlocal [29] .
In a rotating fluid layer confined between poorly conducting boundaries, the linear stability of the conduction state is complicated by the possibility of either steady or oscillatory bifurcation according to the system parameters. There are essentially three scenarios, with instability of the conduction state ensuing at an oscillatory bifurcation, a steady bifurcation with horizontal wavenumber of order one, or a steady bifurcation with small horizontal wavenumber. The first may occur if the rotation rate is sufficiently high and the Prandtl number of the fluid is sufficiently small, the second may occur if the rotation rate is sufficiently high but the Prandtl number is not small, and the third may occur if the Prandtl is not too small and the rotation rate not too high. The last of these scenarios is investigated in this paper. We extend the nonlocal model equation of Pismen [29] to the case of a rotating fluid layer.
A similar model equation has been used by Neufeld, Friedrich, and Haken [28] and Neufeld and Friedrich [26] , [27] to simulate rotating convection. However, their equation is derived for an infinite Prandtl number, which allows them to ignore the nonlocal term derived in this paper. Various nonasymptotic approximations are made in constructing their model in order to focus on the essential terms. They consider two-dimensional roll motions and discuss their stability to the Küppers-Lortz instability [22] , [7] . They treat two problems, each of which has symmetry about the midplane of the layer: in one case a condition of no slip is imposed at each horizontal boundary, and in the other case the tangential stress is supposed to vanish. In each case this symmetry forbids quadratic nonlinearities and allows only cubic nonlinearities in their model equation. A simpler model equation, based upon symmetry considerations and again not derived from the governing fluid equations, has been examined by Rodríguez et al. [34] and used to examine the competition between convection in the form of rolls and hexagons.
An unusual feature of convection between poorly conducting boundaries in a horizontally periodic square geometry is that motion in a square planform is preferred over roll motions, according to weakly nonlinear theory [3] , [30] , [18] . (By contrast, the preferred form of convection between perfectly conducting horizontal boundaries takes the form of rolls; Jenkins and Proctor [18] describe how the preferred planform changes with the conductivity of the horizontal boundaries.) The preference for squares is maintained in a rotating fluid layer (Riahi [33] describes the corresponding transition to rolls as the conductivity of the boundaries is improved). In fact, the instability of rolls is exacerbated by the Küppers-Lortz instability mechanism [22] . Another circumstance under which a square planform is preferred is that of a fluid with a strongly temperature-dependent viscosity [2] .
The structure of the paper is as follows. In section 2 we set out the governing equations and boundary conditions for the rotating convection problems considered here. We also discuss the linear stability of the conduction state in order to motivate the scales used for the asymptotics summarized in section 3, leading to our longwavelength model. (The details of the derivation are given in the appendix.) Section 4 then gives the linearized behavior of this model, with weakly nonlinear analysis of small-amplitude motions following in sections 5 and 6. We analyze the stability of both rolls and the square convection pattern with the critical horizontal wavelength to disturbances of the same wavelength, and supplement our analysis with some numerical simulations of our model PDE, described in section 7. Our conclusions are drawn in section 8.
Governing equations.
We consider convection in a horizontal layer of viscous, incompressible fluid rotating about a vertical axis with angular velocity Ω * = Ω * k (see Chandrasekhar [5] ). The kinematic viscosity ν and the thermal diffusivity κ of the fluid are supposed to be constant. A buoyancy force ργ c g(T − T 0 )k per unit volume drives the convection, where γ c is the coefficient of cubical expansion, g is the acceleration due to gravity (acting vertically downward), T is the temperature, and T 0 is some reference temperature. The density ρ is that of the fluid at the reference temperature T 0 . According to the Boussinesq approximation, the departure from a state of uniform density appears only in the buoyancy term.
We consider two separate problems: the "rigid-rigid" problem, in which a no-slip condition is applied to the fluid at both horizontal boundaries, and the "rigid-free" problem, in which a no-slip condition is applied at the lower horizontal boundary, but the upper boundary is supposed to be stress free (we also assume that this surface remains planar).
Crucial to our analysis is the boundary condition on the temperature field at the horizontal boundaries. We suppose that the boundary conducts heat less well than the fluid itself, and we model this circumstance with boundary conditions of the form [38] 
at the upper and lower boundaries, respectively. Here d is the depth of the fluid layer and α + , α − are Biot numbers. Our assumptions about the relative conductivities of heat in the fluid and boundary material imply
The smallness of these parameters provides the basis for an asymptotic analysis of the convection problem. We consider convection to arise as an instability of a "conduction state," for which there is a uniform and purely vertical gradient of the temperature and no fluid motion. Let us now suppose that the reference temperature T 0 is chosen to be the mean temperature of the fluid layer in the conduction state. We introduce ∆T as the corresponding temperature difference across the fluid layer. Then T ± are given in terms of these reference temperatures by
. We adopt the following scales for length, time, and temperature differences: d, d
2 /κ, and ∆T . Then the dimensionless governing equations for perturbations (u, θ, p) to the basic state are [5] 1 σ ∂u ∂t the dimensionless rotation rate Ω may be written as (Ta/4) 1/2 , where Ta is a Taylor number [5] .
The boundary conditions on θ are
For the rigid-rigid problem, u = 0 at z = ± 
Linear stability of the conduction state.
In this section we consider the linear stability of the conduction solution in order to motivate the analysis that follows in section 3. The normal modes of the linearized system
i(kx+ly)+Λt , where, in general, the growth rate Λ and the depth-dependence of the eigenfunctions must be found numerically.
The linear stability problem consists of finding the threshold value of the Rayleigh number at which the conduction state first becomes unstable. We denote this value of the Rayleigh number, which will depend on the other parameters of the system, by Ra c . The rotational symmetry of the fluid layer has the consequence that Λ depends on the wavenumbers k and l only in the combination k 2 + l 2 , and so at Ra = Ra c the conduction state becomes unstable to a circle of modes, with wavenumber k c . If the corresponding growth rate Λ = 0, there is a steady bifurcation at Ra = Ra c : if Λ = iω for some nonzero real frequency ω, there is an oscillatory bifurcation.
In this paper we examine only the steady bifurcation. However, if the Prandtl number is sufficiently small and the rotation rate sufficiently large, an oscillatory bifurcation may occur [5] , [7] , [8] ; this bifurcation is beyond the scope of our analysis.
For each wavenumber k we denote the corresponding Rayleigh number for which instability arises by Ra(k). We have solved the linear stability problem numerically by approximating all functions of z with finite sums of Chebyshev polynomials [15] and applying the boundary conditions with the tau method. We thereby reduce the differential eigenvalue problem to an algebraic one and use a standard numerical package to calculate the eigenvalues of the algebraic system. We find numerically, as observed for nonrotating convection [38] , that if α − + α + > 0, then Ra(k) → ∞ as k → 0, and as a consequence, k c > 0. If, however, the boundaries are perfectly insulating (and hence α − = α + = 0), Ra(k) remains finite as k → 0. We shall assume in our analysis that α − + α + > 0.
Our numerical solutions indicate that, provided the rotation rate is not too large (in a sense to be made precise in section 4), the critical wavenumber k c for a steady bifurcation is small when α + +α − is small; furthermore, as for nonrotating convection [30] ,
as α + + α − → 0. This scaling provides the basis for the asymptotic analysis described below for the nonlinear problem. In section 4 we shall describe how this scaling for k c breaks down at sufficiently large rotation rates.
We show in Figure 2 .1 several pairs of marginal stability curves Ra(k) for the rigidfree problem, which in each case correspond to α − = 0 and either α + = 0 or 0.01. These curves are intended to be illustrative of some of the behavior possible in the linear stability problem: a comprehensive treatment similar to that available for perfectly conducting boundaries remains to be done, although Riahi [33] has given critical Rayleigh numbers and wavenumbers for steady bifurcation in the free-free problem for a range of values of α ± (not necessarily small). The difference between the two marginal curves of each pair is negligible, except for small values of the wavenumber. Figure 2 .1a is for a small rotation rate. The bifurcation is steady for all wavenumbers, and the critical wavenumber is small, as in (2.5). For such a case, the asymptotic theory developed below may be applied. Figure 2 .1b has a larger rotation rate, and the critical wavenumber is not small. For Figure 2 .1c, the bifurcation is steady for small and large wavenumbers but is oscillatory for intermediate wavenumbers; the critical wavenumber is again not small and corresponds to an oscillatory bifurcation. In these last two cases, the onset of instability is not described by our asymptotic theory.
3.
The long-wavelength model. The major result of this paper is the derivation of a long-wavelength model for rotating convection. The onset of motion may be analyzed by means of a regular perturbation expansion in the small parameter provided the Prandtl number is not small [30] , [29] and the rotation rate is not too large. Motions are considered with the slow space and time scales
that are motivated by linear stability theory. The flow variables (u, θ, p) and Ra are then expanded in powers of , substituted into the governing equations and boundary conditions, and the problems that result at each order in are solved. Since convection in the absence of rotation has been treated by similar methods [10] , [36] , [37] , [29] , [20] , [3] , [6] , [12] , [30] , we relegate the details to the appendix.
A significant feature of the calculation is that the temperature perturbation φ(X, Y, T ) at leading order is vertically homogeneous (a consequence of our assumption that the vertical scale is smaller than the horizontal scale). All flow variables may be written in terms of φ and a large-scale pressure field Φ(X, Y, T ). At O( 4 ) it is found that the vertical velocity and temperature fields can be calculated only if a certain pair of solvability conditions is satisfied, namely that
where Ra = Ra 0 + 2 Ra 2 .
Expressions for the coefficients a 1−9 and Ra 0 are given in the appendix. In the case of a finite Prandtl number, a 5 and a 9 may be nonzero; the equation for φ is then nonlocal. A single local equation for φ is recovered when σ = ∞. A similar situation arises in nonrotating convection [29] . The presence of a factor σ −1 in many of the coefficients of these PDEs suggests that we should expect our analysis to fail if σ is small [30] , [29] . Figure 3 .1 shows the coefficients a 1 -a 9 for the rigid-rigid problem, and Figure 3 .2 shows the coefficients for the rigid-free problem, as functions of Ω. The coefficients a 6 , a 7 , a 8 , and a 9 are odd functions of Ω and control terms that break the symmetry of (3.2) and (3.3) in X and Y . They correspond in the full problem to the breaking of symmetry about vertical planes when Ω = 0. In particular this means that in the absence of rotation, a 6 = a 7 = a 8 = a 9 = 0; also in this case, a 3 = a 4 . Furthermore, for the rigid-rigid problem, a 3 = a 4 = 0 for all Ω. ; (h) σa 9 . The coefficients a 3 , a 4 , and a 7 are all zero.
4. Linear stability of the conduction state. The stability of the quiescent conduction state φ = Φ = 0 to an infinitesimal disturbance with wavevector (K X , K Y ), and proportional to e λT , is determined by the growth rate , where a 7 = a (0)
, where a 8 = a (0)
where
1/2 is the wavenumber. Thus the longest waves are always damped, but the short waves are damped only if a 1 > 0. Our numerical results show that this condition is satisfied provided Ω < Ω 1 , and we restrict our attention to this case. (For the rigid-rigid problem, Ω 1 ≈ 21.615; for the rigid-free problem, Ω 1 ≈ 4.3966.) When a 1 < 0, our analysis becomes invalid and the scalings used to derive (3.2) and (3.3) need to be reconsidered.
The critical wavenumber is, from (4.1), K c = a
, and the critical scaled Rayleigh number is given by Ra 2c = 2Ra 0 √ a 1 . Our numerical calculations indicate that Ra 0 is an increasing function of Ω, so the rotation tends to suppress convection; a 1 is a decreasing function of Ω, so the critical wavelength also is a decreasing function of Ω. These findings are consistent with the effects of rotation on convection between isothermal horizontal boundaries [5] , [7] . The divergence of the critical wavenumber K c as the rotation rate increases to its threshold value Ω 1 is consistent with our numerical results for the linear stability problem (2.4), which show that the critical wavenumber k c is no longer small when the rotation rate is sufficiently large.
Convection on a rhombic lattice.
In rotating convection between isothermal horizontal boundaries, rolls undergo the Küppers-Lortz instability [22] , whereby one set of rolls becomes unstable to another set of rolls oriented at some angle to the original set of rolls. To investigate the corresponding instability for the present problem, we consider solutions of the nonlinear equations (3.2) and (3.3) on a rhombic lattice [8] defined by two wavevectors K 1 and K 2 , both of which correspond to marginally stable modes (i.e., |K 1 | = |K 2 | = K c ). More explicitly, we consider solutions that may be written as
With no loss of generality we choose our axes so that K 1 = (K c , 0) and K 2 = K c (cos χ, sin χ), where 0 < χ < π. The case χ = π/2 corresponds to a square lattice. We assume that the system is close to marginal stability, and we make a weakly nonlinear expansion of the solution. Formally, we suppose that Ra 2 = Ra 2c + O(ε 2 ) and expand the solution (φ, Φ) in powers of ε. At leading order we let A 1 and A 2 denote the complex amplitudes of the two marginal modes so that
where X = (X, Y ) and c.c. denotes the complex conjugate of the preceding term. The amplitudes A 1 and A 2 are formally of order ε and satisfy amplitude equations which are, to cubic order [8] ,
where λ is given by (4.1) and the dot denotes differentiation with respect to the slow time scale ε 2 T . The coefficients of the nonlinear terms may be determined exactly, and are Two kinds of rolls are permitted on the lattice: "A 1 -rolls" with amplitude |A 1 | = (λ/α) 1/2 and A 2 = 0, and "A 2 -rolls" with amplitude |A 2 | = (λ/α) 1/2 and A 1 = 0. Both bifurcate supercritically since α > 0. In a rotating layer, the reflection symmetry about vertical planes is broken and clockwise and anticlockwise directions [8] . In the amplitude equations (5.2) and (5.3), this symmetry breaking appears in the inequality of the coefficients β + and β − . (Table 5 .1 illustrates this point and is discussed below.) The symmetry between A 1 -and A 2 -rolls is restored in the nonrotating problem, where β + = β − , and also in the rotating problem for χ = π/2. Stability of the roll solutions is determined by linearizing about the rolls and computing the eigenvalues of the linearized system. These eigenvalues are −2λ and λ(1 − β − /α) for the A 1 -rolls and −2λ and λ(1 − β + /α) for the A 2 -rolls. Since λ > 0 for existence of the rolls, the stability of the A 1 -rolls is determined by sgn(α − β − ), and that of the A 2 -rolls is determined by sgn(α − β + ). With no loss of generality, we focus on the stability of the A 1 -rolls, since the map χ → π − χ interchanges the rolls.
For the rigid-rigid problem,
The values of χ for which the rolls are unstable are thus
For small χ, it follows that α − β − < 0 and the A 1 -rolls are stable; for larger values of χ the rolls become unstable. For example, on a square lattice (χ = π/2), α − β − = a 2 > 0. Thus rotation of the fluid layer does not alter the preference for squares over rolls. Table 5 .1 indicates the stability of the A 1 -and A 2 -rolls for various values of χ in the rigid-rigid problem. Note that, for an acute angle between K 1 and K 2 , stability of the A 1 -rolls implies stability of the A 2 rolls (vice versa for an obtuse angle χ).
In the rigid-free problem, a singularity may arise in α − β − when χ approaches π/3. This is because the wavevector K 1 − K 2 is marginally stable for this value of χ, and such a mode should be included in our considerations at leading order in (5.1). We should thus consider competition between three sets of rolls, and a hexagonal lattice. An analysis of (5.4) shows that
as χ → π/3. If Ω > 0 and σ is finite, a 3 = a 4 and α − β − certainly becomes positive in the neighborhood of χ = π/3, indicating instability of the A 1 -rolls for such values of χ. The stability of A 1 -rolls for two cases of the rigid-free problem (one rotating and one not) is illustrated in Figure 5 .1, where α − β − is plotted as a function of χ.
χ/π (a) 6. Stability of the square pattern. In computations, convection is often considered in a square periodic domain. In this case, squares are preferred over rolls in both the rigid-rigid and rigid-free problems when Ω = 0. This is in contrast to the corresponding problem of convection between perfectly conducting horizontal boundaries, where rolls are preferred at onset. (The transition is analyzed by Jenkins and Proctor [18] .) In this section we consider the effects of rotation of the fluid layer upon the stability of the square pattern.
We assume that near marginal stability the convection takes the form
at leading order. The amplitudes satisfẏ
which are a special case of (5.2) 
We find for both the rigid-rigid and the rigid-free problem and for all values of Ω between 0 and Ω 1 that α + γ > 0, and so squares bifurcate supercritically. The square solution to (6.1) and (6.2) is stable to perturbations since α − γ > 0 for all Ω considered; the roll solutions (with only one of A 1 , A 2 nonzero), as noted in the previous section, are unstable, and we do not consider them further.
To examine the stability of the square pattern more generally, we consider convection in the form
+ c.c., (6.4) where 0 < χ < π/2. The amplitudes A 1 and A 2 characterize an orthogonal pair of rolls, as do the amplitudes A 3 and A 4 , with an angle χ between the two sets of roll pairs. As Dionne, Silber, and Skeldon [11] have pointed out, the pattern formed by an arbitrary combination of amplitudes in (6.4) is spatially periodic for only the countably infinite set of values of χ for which tan χ is rational. Our results should therefore be interpreted only for this case (although we plot results as if χ were allowed to take all values in the range 0 < χ < π/2). The general bifurcation problem that describes the competition between all four modes in (6.4) is beyond the scope of this work. Even the nonrotating case is nontrivial (see Dionne, Silber, and Skeldon [11] ). Instead we confine our attention to the restricted problem in which we investigate only the stability of squares (the rolls are not considered further since they are known to be unstable).
The amplitude equations for A 1 -A 4 are found from (3.2) and (3.3) to bė 
We note the following identities: 1/2 , is determined by the same eigenvalues, except with χ → π/2 − χ; that is, β − + δ − → δ + + β + .) Since α + γ > 0 in all cases we have considered,
and we use the latter quantity instead for stability considerations, described below in sections 6.1 and 6.2.
Note that the coefficients a 5 , a 6 , and a 9 do not appear in the amplitude equations, neither on a rhombic lattice nor in the special case of a square lattice. This is because our leading-order solution for φ consists of a sum of modes, all with the same wavenumber K. Pismen [29] has noted a similar property for nonrotating convection. To see why this leads to the absence of a 5 , a 6 , and a 9 from the amplitude equations, we first note that and so a 6 is absent. 6.1. Stability of squares when Ω = 0. In the absence of rotation,
so squares are stable to all disturbances of the form considered, for all χ and for both rigid-rigid and rigid-free problems.
Stability of squares when Ω > 0.
When Ω > 0, squares remain stable for all χ in the rigid-rigid problem. This can be seen by noting that both eigenvalues of significance are negative (and independent of χ); they are given by (6.9) and (6.10) with a 3 = 0.
For the rigid-free problem, however, squares may be destabilized by the rotation of the fluid layer. This is easily seen for values of χ near π/6 and π/3. We first note that α + γ − β − − δ − may be expanded in the form
as χ → π/6. When Ω > 0 and σ is finite, a 3 = a 4 , the eigenvalue α + γ − β − − δ − becomes positive near χ = π/6, and squares are unstable. Similarly
as χ → π/3, so squares are again destabilized if a 3 = a 4 (i.e., if Ω > 0 and σ is finite). The stability of squares is illustrated in Figure 5 .1, where α + γ − β − − δ − is plotted as a function of χ for two cases of the rigid-free problem (one rotating, the other not).
Riahi [33] , in considering the full governing equations for the free-free problem, found squares to be robustly stable in a fluid layer between poorly conducting horizontal boundaries (for small α, in our notation). Our results for the rigid-rigid and rigid-free problems suggest that this unconditional stability may be a consequence of the imposed symmetry of Riahi's problem about the midplane of the fluid layer.
Numerical simulations.
We have solved the long-wavelength model (3.2) and (3.3) numerically for the rigid-free problem in a square region
with periodic boundary conditions applied in X and in Y . The code used to solve (3.2) and (3.3) is a pseudospectral code, with φ and Φ represented by finite Fourier sums, and time-stepping by the integrating-factor technique [4, section 4.4.2]. The code is derived from a similar one used to solve a long-wavelength model for nonrotating convection and has been checked thoroughly against weakly nonlinear analysis.
We have carried out a large number of numerical simulations of (3.2) and (3.3) in square periodic boxes of various sizes, from random initial conditions. In all simulations we have found that either a regular square pattern is quickly established or a rather disordered pattern is established which then evolves very slowly. In no simulations (even simulations at a Rayleigh number within 2% of critical) have we found the hexagonal pattern that one might initially expect for the rigid-free problem. (Of course, an exactly regular pattern of hexagons cannot be accommodated in a square box (see [23] ), but very nearly regular hexagons can be found (see [35] , [25] , and [39] , for example.) Our numerical results provide some justification for the analysis described in this paper and our focus on squares rather than hexagons.
The side-length 2πM/K c of the periodic box has been chosen as follows. We focus on disturbances composed of critical modes (those with wavenumber K c ) and harmonics, and note specifically that the critical mode together with complex conjugates of all four modes. We describe three cases: The figure shows contours of φ; we find that the minima of φ have greater magnitude than the maxima. As a consequence, since the vertical velocity component is w ∼ Ra 0 ∇ 2 H φs 0 (z) (see Appendix) and s 0 (z) ≤ 0, the downwelling is more vigorous than the upwelling in the three-dimensional problem, and the pattern is therefore of "down-squares" [2] , [31] . These squares consist of an isolated region of falling fluid surrounded by a sea of rising fluid. A graph of φ along a line through the centers of the squares in Figure 7 .1c is shown in Figure 7 .2.
In case (c) we find that if the Rayleigh number is sufficiently far from critical, the box is large enough that the eventual pattern selected from a random initial condition may not be composed of critical modes. Figures 7.1c and d illustrate steady states reached in two integrations: in Figure 7 .1c the pattern is composed of (±3, ±3)-modes and other modes generated by their nonlinear interactions; in Figure 7 .1d the pattern is similarly composed of (0, ±4)-and (±4, 0)-modes. In the former case, the wavenumber of the dominant modes is 18/17K c ; in the latter it is 16/17K c . We have not determined whether the pattern composed of the critical (±4, ±1)-and (±1, ±4)-modes might also be stable and might arise from different random initial conditions. Finally, Figure 7 .1e shows a rather disordered and very slowly evolving pattern obtained further from onset, and in a larger box, with M = 4.7297. Here, disturbances with exactly the critical wavenumber do not fit into the periodic box, but the Rayleigh number is far from critical, and many modes are predicted to grow from the conduction state. The pattern appears to consist of both square and hexagonal elements. Our numerical integrations suggest that the calculation has almost converged, since the calculated heat transfer due to the convection does not change (and nor does the pattern change discernibly) over hundreds of time units. Closer inspection of the solution, however, reveals a very gradual evolution.
The horizontal velocity field corresponding to the square pattern shown in Figure 7 .1a, and reconstructed using (A.3) and (A.4), is illustrated in Figure 7 .3. Two horizontal slices are taken, one through the midplane of the fluid layer (z = 0) and the other at the free surface (z = 1/2). These reconstructed fields agree qualitatively with other calculations for rotating convection, such as those of Chandrasekhar [5, Figure 24a ] and Goldstein, Knobloch, and Silber [14, Figure 2 ], although each considered a linear superposition of modes, not a fully nonlinear solution such as is used here. The good agreement provides grounds for confidence in using the model (3.2) and (3.3) for studies of pattern formation in rotating convection.
Conclusions.
We have shown how the nonlocal long-wavelength equation of Pismen [29] for convection between poorly conducting horizontal boundaries may be extended to incorporate the effects of rotating the fluid layer about a vertical axis. The derivation of the model equation is based upon the large scales of horizontal motions compared with vertical scales. The scalings used in the asymptotic analysis have been suggested by results for the nonrotating layer and by numerical solutions of the full linear stability problem. The latter also show that the asymptotics will break down if the rotation rate of the fluid layer is too great, either because there is no disparity of length scales or because the bifurcation from the conduction state becomes oscillatory.
The linear stability problem for the model equation may be solved exactly; we have also computed weakly nonlinear rolls and square planforms. Squares are predicted by a weakly nonlinear analysis to be quite robust near their onset. Indeed in numerical simulations of the model equation (of which a small number of runs have been described here) we have generated squares except under highly supercritical conditions, where a more disordered state persists. Our stability calculations suggest that squares will become unstable only if the computational domain permits disturbances that are close to regular hexagons (and therefore if the domain is large). Of course, in a square periodic domain exactly regular hexagons are not possible, but structures very close to regular hexagons may form [25] . The strong preference for a square planform in our numerical results is in marked contrast to some simulations we have performed with a similar long-wavelength model for Marangoni convection [20] , where initial conditions must be very carefully controlled in order to find stable solutions other than (nonregular) hexagons.
Appendix. Derivation of the governing equations for φ and Φ. The flow variables and the Rayleigh number are expanded in powers of ; thus
The problems that follow from substituting these expansions into (2.1)-(2.3) at successive orders in are described below. The functions f 0 -f 3 may be determined analytically, but we find that such exact expressions are of little value in the present calculation, primarily because the later steps in the analysis involve too many terms to be tractable. Instead we find the solutions numerically, as described at the end of the appendix.
O(
2 ). This equation is to be solved in conjunction with (A.6), which we write as In Figure A .1, we show the functionsf 2 andf 3 for two problems: the case of rigid-rigid boundaries when Ω = 10 and the case of rigid-free boundaries when Ω = 1. The significance of these two functions is that they give the depth dependence of the horizontal divergence of (u, v) and the vertical vorticity, respectively, to leading order. We use the relations
The problem of computing the coefficients in (3.2) and (3.3) involves solving a sequence of boundary-value problems for the various functions of z and computing appropriate depth averages. Exact solutions prove too unwieldy, even if one uses a computer algebra package. We have therefore solved each boundary-value problem numerically by representing each function of z as a truncated sum of Chebyshev polynomials;
for example. The truncation N is chosen large enough to render our results accurate to all digits quoted. The boundary-value problem is thus reduced to a system of linear equations for the coefficients ζ n , or equivalently a matrix equation for the coefficient vector ζ = (ζ 0 , . . . , ζ N ). Boundary conditions are implemented with the tau method [15] . The calculations are carried out in the computer algebra package Maple. The coefficients have been checked against the known values for Ω = 0, and various internal consistency checks have been made.
